Abstract Many classical results concerning quadratic forms have been extended to hermitian forms over algebras with involution. However, not much is known in the case of sesquilinear forms without any symmetry property. The present paper will establish a Witt cancellation result, an analogue of Springer's theorem, as well as some local-global and finiteness results in this context.
Introduction
Many classical results on quadratic forms have been extended to hermitian forms over some rings with involution (see for instance [9] , [14] ). However, not much is known about sesquilinear forms without any symmetry property. The aim of this paper is to show that the category of sesquilinear forms over rings with involution is equivalent to the category of unimodular hermitian forms over a suitable additive category (cf. §1 - §4), and then to apply the theory of Quebbemann, Scharlau, Scharlau and Schulte (cf. [11] , [12] ) as well as known results concerning hermitian forms.
This enables us to prove Witt's cancellation theorem (see theorem 6.1) and an analogue of Springer's theorem (see theorem 7.1) for sesquilinear forms over finitedimensional algebras with involution over fields of characteristic different from 2.
We also obtain local-global results (see theorem 9.1 and its corollary) as well as finiteness theorems. §1. Sesquilinear forms over rings with involution Let A be a ring. An involution on A is by definition an additive map σ : A → A such that σ(ab) = σ(b)σ(a) for all a, b ∈ A and σ 2 is the identity. Let V be a right A-module of finite type. A sesquilinear form over (A, σ) is a biadditive map s : V × V → A satisfying the condition s(xa, yb) = σ(a)s(x, y)b for all x, y ∈ V and all a, b ∈ A. The orthogonal sum of two sesquilinear forms (V, s) and (V ′ , s ′ ) is by definition the form (V ⊕ V ′ , s ⊕ s ′ ) defined by
for all x, y ∈ V and x ′ , y ′ ∈ V ′ . Two sesquilinear forms (V, s) and (V ′ , s ′ ) are called isometric if there exists an isomorphism of A-modules f : V→V ′ such that s ′ (f (x), f (y)) = s(x, y) for all x, y ∈ V .
Let V * be the additive group Hom A (V, A) with the right A-module structure given by (f · a)(x) = σ(a)f (x) for all a ∈ A, f ∈ V * and x ∈ V . We say that V is reflexive if the homomorphism of right A-modules e V : V → V * * defined by e V (x)(f ) = σ(f (x)) for all x ∈ V and f ∈ V * is bijective.
A sesquilinear form (V, s) induces two homomorphisms of right A-modules V → V * , called its left, respectively right adjoint, namely s l : V → V * defined by s l (x)(y) = s(x, y) and s r : V → V * given by s r (x)(y) = σ(s(y, x)) for all x, y ∈ V . Note that these are related by s r = s Let us denote by S R (A, σ) the category of sesquilinear forms over (A, σ) defined on objects of R. The morphisms of this category are isometries. §2. Hermitian categories
The aim of this section is to recall the notion of hermitian forms in additive categories as defined in [11] , [12] (see also [9] , [14] ). Let C be an additive category. Let * : C → C be a duality functor, i.e. an additive contravariant functor with a natural isomorphism (E C ) C∈C : id → * * such that E hermitian form is said to be unimodular if h is an isomorphism. Orthogonal sums are defined in the obvious way.
Let (C, h) and (C ′ , h ′ ) be two hermitian forms in C. We say that they are isometric if there exists an isomorphism f :
We denote by H(C) the category of unimodular hermitian forms in the category C. The morphisms are isometries.
We observe that if we take C = R then the above notion coincides with the notion of hermitian form over (A, σ) defined on objects of R. §3. An additive category
Let (A, σ) be a ring with involution and R be the category of reflexive right Amodules. Let us consider the category M R with objects of the form (V, W, f 1 , f 2 ), where V and W are objects of R of finite type and
. By defining direct sums in the obvious way we see that M R is an additive category. It is called the category of double arrows between objects of R.
) be the dual of (V, W, f 1 , f 2 ) and set E (V,W,f 1 ,f 2 ) = (e V , e W ). This defines a duality on the category M R . We denote by H(M R ) the category of unimodular hermitian forms in the additive category M R , as defined in the previous section. §4. An equivalence of categories Let (A, σ) be a ring with involution and R be the category of reflexive right Amodules. The aim of this section is to prove that the category of sesquilinear forms S R (A, σ) is equivalent to the hermitian category H(M R ) defined in §3. We will use the methods of [3] .
We define a functor F from the category S R (A, σ) to the category H(M R ) as follows. Let (V, s) be an object of S R (A, σ), and let s ℓ : V → V * and s r : V → V * be the left, respectively the right adjoint of (V, s) (cf. §1). Then (V, V * , s ℓ , s r ) is an object of M R and the pair (e V , id V * ) defines a unimodular hermitian form on (V, V * , s ℓ , s r ); note that the unimodularity follows from the reflexivity of V . Set F(V, s) = ((V, V * , s ℓ , s r ), (e V , id V * )). For an isomorphism φ : (V, s) → (W, t) of sesquilinear forms, where V, W ∈ R, set F(φ) = (φ, φ * −1 ).
Theorem
The functor F is an equivalence of categories between S R (A, σ) and H(M R ).
Proof. We already know that F sends sesquilinear forms over (A, σ) defined on objects of R to objects of H(M R ). Let us check that F sends morphisms to morphisms. Let φ : (V, s) → (W, t) be an isomorphism between two objects of
Let us define a functor G from H(M R ) to S R (A, σ). Let (M, ζ) be an object of H(M R ) with M = (V, W, f 1 , f 2 ) and ζ = (φ, ψ). Let us define a sesquilinear form
Let us check that G sends morphisms to morphisms. Let
be a morphism between two objects of H(M R ). Then
). An easy computation (using the relationship between s r and s ℓ ) shows that FG is isomorphic to the identity in H(M R ). Moreover, it is clear that GF is isomorphic to the identity in S R (A, σ). Therefore F : S R (A, σ) → H(M R ) is an equivalence of categories. §5. Sesquilinear forms corresponding to a given object of M R Let A be a ring with an involution σ and R be the category of reflexive right Amodules of finite type. If (M, s) is a sesquilinear form over (A, σ) defined on an object of R, then we denote by q(M, s) the corresponding object (M, M * , s l , s r ) of the category M R . In this section we describe the set of isometry classes of sesquilinear forms over (A, σ) corresponding by theorem 4.1 to a given object of the category M R .
Let us fix a sesquilinear form (M 0 , s 0 ) over (A, σ), where M 0 ∈ R, and consider the unimodular hermitian form
. Let E be the endomorphism ring of the object Q 0 in M R , and let us denote by E × the invertible elements of E. The form η 0 induces an involution on E, defined by f = η
On the set E + = {f ∈ E × | f = f } we define the following equivalence relation:
denote the set of equivalence classes. It is clear that H( , E
× ) is in bijection with the set of isometry classes of unimodular hermitian forms of rank one over (E, ).
Theorem The set of isometry classes of sesquilinear forms
Moreover, η M is a unimodular hermitian form : this is easy to check, noting that if φ : M → M 0 is an isomorphism, then φ * * e M = e M 0 φ. We define the following map:
It is easy to check that the class of f is independent of the choice of the isomorphism φ. The above map is well defined since
This equivalence also shows its injectivity. Its surjectivity is easy to check. §6. Witt's cancellation theorem for sesquilinear forms
The aim of this section is to prove a cancellation theorem for sesquilinear forms. Let K be a field of characteristic different from 2, let A be a finite-dimensional K-algebra and let σ be an involution on A. Let us denote by R the category of reflexive right A-modules which are finite dimensional K-vector spaces.
By the equivalence between the categories S R (A, σ) and H(M R ) given by theorem 4.1, it is enough to prove that Witt's cancellation theorem holds in the category H(M R ). This is the purpose of proposition 6.3. For its proof we use a result of Quebbemann, Scharlau and Schulte (see [11] , 3.4.1):
Theorem Let C be a hermitian category satisfying the following conditions:
(i) All idempotents of C split, i.e. for any object M of C and for any idempotent e ∈ End(M), there exist an object M ′ ∈ C and morphisms i : .
This theorem has been originally formulated for quadratic forms in C. But since 2 is invertible in the endomorphism ring of every object of C, the categories of quadratic and unimodular hermitian forms in C are isomorphic. We deduce that Witt's cancellation holds for unimodular hermitian forms in C as well.
It then follows that
Proof. As in [3] , proposition 2, we check that the category M R satisfies the conditions (i), (ii) and (iii) above. It follows from theorem 6.2 that Witt's cancellation theorem is true in the category H(M R ). §7. Springer's theorem for sesquilinear forms
The classical theorem of Springer states that if two quadratic forms over a field of characteristic different from 2 become isometric over an extension of odd degree, then they are already isometric over the base field. In this section we prove an analogue of Springer's theorem for sesquilinear forms defined on finitedimensional algebras with involution over a field of characteristic = 2.
Let K be a field of characteristic different from 2, A be a finite-dimensional Kalgebra and σ be a K-linear involution. We also consider a finite extension L of
Let R be the category of reflexive right A-modules which are finite dimensional K-vector spaces.
Theorem Suppose that L/K is an extension of odd degree. Let (M, s) and
In order to prove this result we will use techniques of hermitian categories. We denote by M R ( (M R ) L ) the category of double arrows between objects of R (respectively objects of R tensorised with L over K). There is an obvious notion of scalar extension from the category M R to the category (
Note that if Q and Q ′ are two objects of M R which become isomorphic over a field extension of K, then Q and Q ′ are isomorphic (indeed, we are dealing with a linear problem).
Proof of theorem 7.1. The proof uses the equivalence of categories proven in §4. Consider the objects q(M, s) and q(M ′ , s ′ ) of the category M R and the
From this it follows that the objects q(M, s) and q(M ′ , s ′ ) of the category M R are isomorphic.
Denote by Q the object q(M, s) of M R and by E the endomorphism ring of Q in the category M R .According to theorem 5.1, the set of isometry classes of sesquilinear forms (M ′′ , s ′′ ) over (A, σ) such that q(M ′′ , s ′′ ) ≃ Q is in bijection with the set H( , E × ). This last set is in turn in bijection with the set of isometry classes of rank one unimodular hermitian forms over (E, ). Denote by µ and µ ′ the rank one unimodular hermitian forms over (E, ) that correspond by the above bijections to (M, s),
, the forms µ and µ ′ extend to isometric hermitian forms over (E L , L ), where 
. Sesquilinear forms defined on algebras over complete discrete valuation rings
In this section we prove results similar to those of sections 6 and 7 for sesquilinear forms defined on algebras of finite rank over complete discrete valuation rings.
Let R be a complete discrete valuation ring and A be an R-algebra of finite rank with an involution denoted by σ. Suppose that there exists an element a in the center of A satisfying the property a + σ(a) = 1. For example this condition is fulfilled if 2 is invertible in R.
Let R be the category of reflexive right A-modules of finite type. (M, s) , (M 1 , s 1 ) and (M 2 , s 2 ) be sesquilinear forms over (A, σ) defined on objects of R such that
Theorem Let
(M 1 , s 1 ) ⊕ (M, s) ≃ (M 2 , s 2 ) ⊕ (M, s).
It follows that
Proof Denote by M R the category of double arrows between objects of R, cf. §3. Due to the equivalence of categories between the categories S R (A, σ) and H(M R ) given by theorem 4.1, it is enough to prove that Witt's cancellation theorem holds in the category H(M R ). This follows from theorem 6.2, observing that the category M R satisfies conditions (i), (ii), (iii) (see e.g. [3] , proposition 2).
Next we prove a result analogous to Springer's theorem in the following setting: Let K be a non-dyadic local field, O K be its ring of integers and A be an O Kalgebra of finite rank with an O K -linear involution σ. Let L be a finite extension of K, O L be its ring of integers and let
Theorem Suppose that the extension L/K is of odd degree. Let (M, s) and (M
Denote by M R ( (M R ) L ) the category of double arrows between objects of R (respectively objects of R extended to O L ). There is an obvious notion of scalar extension from the category M R to the category (M R ) L : for an object
by extending f , respectively g. The proof of theorem 8.2 is analogous to the one of theorem 7.1, applying [7] , p. 4 instead of [4] , th. 2.1. §9. Weak Hasse principle for sesquilinear forms
The classical Hasse-Minkowski theorem states that if two quadratic forms defined over a global field k of characteristic different from 2 become isometric over all the completions of k, then they are already isometric over k. The aim of this section is to investigate this result in the case of sesquilinear forms defined on a finite-dimensional skew field with involution. The case of bilinear forms has been treated by Waterhouse (cf. [15] ), and is based on a classification result of Riehm (cf. [13] ).
Let K be a field of characteristic different from 2, D be a finite-dimensional skew field with center K and σ be an involution on D. Denote by k the fixed field of σ in K. Then either k = K (when σ is said to be of the first kind ) or K is a quadratic extension of k and the restriction of σ to K is the non-trivial automorphism of K over k (in which case σ is said to be of the second kind or a unitary involution).
Suppose that k is a global field. For every prime spot p of k, let k p be the completion of k at p,
Then D p is an algebra with center K p and we consider on it the extended involution σ p = σ ⊗id kp . Then from any sesquilinear form (V, s) over (D, σ) we obtain by extension of scalars a sesquilinear form (V p , s p ) over (D p , σ p ), where
We say that the weak Hasse principle holds for sesquilinear forms over (D, σ) if any two sesquilinear forms (V, s) and (V ′ , s ′ ) over (D, σ) that become isometric over all the completions of
In the sequel we will be interested in determining when the weak Hasse principle holds and we will adopt the point of view of hermitian categories. Let R be the category of finite dimensional right D-vector spaces. We denote by M R ( (M R ) p ) the category of double arrows between objects of R (respectively objects of R extended to k p ). Let us fix a sesquilinear form s 0 ∈ S R (D, σ). Consider a sesquilinear form s ∈ S R (D, σ) that becomes isometric to s 0 over all the completions of k. Then for every prime spot p of k we have (s 0 ) p ≃ s p and by theorem 4.1 it follows that q((s 0 ) p ) ≃ q(s p ) for all p. Since q commutes with base change, we obtain q(s 0 ) p ≃ q(s) p . It follows that q(s 0 ) ≃ q(s).
We denote by E the endomorphism ring of q(s 0 ) in M R . The unimodular hermitian form η 0 = (e V 0 , id V * 0 ) defined on q(s 0 ) induces an involution on E. For every p let E p = E ⊗ k k p , on which we consider the involution p = ⊗ id kp . By theorem 5.1 it is clear that if the localisation map
is injective, then the weak Hasse principle holds for sesquilinear forms in S R (D, σ).
Hence in the sequel we will study the injectivity of the map Φ.
The involution induces an involution on E/rad(E), still denoted by . Since
, lemma 2.6), we can suppose that rad(E) = 0. The ring E being artinian, it is semi-simple. We can thus write E as a product of simple factors:
where for all 1 ≤ i ≤ r, D i is a finite-dimensional skew field and n i ≥ 1. Without loss of generality we can suppose that the first m factors are fixed by the involution and that the other factors are interchanged two by two. For every 1 ≤ i ≤ m we denote by σ i the restriction of to M n i (D i ). We then obtain the isomorphism
Hence the map Φ is injective if and only if for every 1 ≤ i ≤ s the localisation map
We thus obtain: 
As the weak Hasse principle holds for unimodular hermitian forms over a skew field with a unitary involution (cf. [14] , theorem 10.6.1), the map Φ i is injective.
Consider now the case when D i is a quaternion algebra and σ i is a symplectic involution. Then we consider the canonical involution τ i on D i and we proceed as above. The weak Hasse principle holds for unimodular hermitian forms over quaternion algebras with the canonical involution. Indeed, let h and h ′ be two unimodular hermitian forms over (D i , τ i ). Then their trace forms q h and q h ′ are two quadratic forms defined on the center of D i . Since they become isometric everywhere locally, they are isometric by the usual weak Hasse principle. But two unimodular hermitian forms over (D i , τ i ) are isometric if and only if their trace forms are isometric. Hence it follows that h ≃ h ′ . We conclude that the weak Hasse principle holds for unimodular hermitian forms over quaternion algebras with the canonical involution and thus the map Φ i is injective. (D, σ) .
Corollary If σ is a unitary involution, then the weak Hasse principle holds for sesquilinear forms in S R

Proof.
The statement immediately follows from theorem 9.1, since if σ is unitary, then all the involutions σ i are unitary as well. §10. Finiteness results
In this section we generalize the finiteness results of [4] to the setting of sesquilinear forms. For a ring A we denote by T (A) the Z-torsion subgroup of A. If R is a ring then we say that A is R-finite if A R = A ⊗ Z R is a finitely generated R-module and T (A) is finite.
Let (A, σ) be a ring with involution, R be the category of reflexive right Amodules of finite type and M R be the category defined in §3. We recall from §4 that the functor
is an equivalence of categories. Fix a sesquilinear form (V, s) ∈ S R (A, σ) and denote by q(V, s) the corresponding object (V, V * , s l , s r ) of M R and by E the endomorphism ring of q(V, s) in M R . 
Theorem If there exists a non-zero integer m such that End
A (V ) is Z[1/m]-finite, then (V,V ′′ , s ′′ ) ∈ S R (A, σ) such that q(V ′′ , s ′′ ) ≃ q(V ′ , s ′ ).
Proof.
By theorem 4.1, every sesquilinear form (V, s) ∈ S R (A, σ) defines a unimodular hermitian form on q(V, s). But by [4] , theorem 1.2 the number of isometry classes of unimodular hermitian forms on N is finite. Hence the assertion follows.
We say that two sesquilinear forms over (A, σ) are in the same genus if they become isometric over A ⊗ Z Z p for all primes of Q. Proof. Since End A (V ) is Q-finite, E is Q-finite too. Then by [4] , theorem 3.4 the genus of F(V, s) contains only finitely many isometry classes of unimodular hermitian forms. The functor F induces a bijection between the genus of (V, s) and the genus of F(V, s), hence the assertion follows. §11. Bilinear forms invariant by a group action Let R be a commutative ring and G be a finite group. Denote by R[G] the group ring of G over R. A G-bilinear form over R is by definition a pair (M, b) , where M is a right R[G]-module which is an R-module of finite type and b : M ×M → R is an R-bilinear form such that b(xg, yg) = b(x, y) for all g ∈ G and x, y ∈ M. We say that two G-bilinear forms (M, b) and (
Theorem If End
Two G-bilinear forms over R are said to be in the same genus if they become isometric over R ⊗ Z Z p for all primes of Q.
The aim of this section is to apply the results of sections 6, 7 and 10 to G-bilinear forms.
We endow the group ring R[G] with the canonical involution σ, which is the R-linear involution such that σ(g) = g −1 for every g ∈ G. Analogously to [8] , theorem 7.1 it is straightforward to prove that there is a correspondence between G-bilinear forms over R and sesquilinear forms over Proof. This follows from theorem 6.1 and the above correspondence.
Theorem
Suppose that R is a field of characteristic = 2. If two Gbilinear forms become isometric over an extension of R of odd degree then they are already isometric over R.
Proof. The result follows from theorem 7.1 and the above correspondence. Proof. This follows from theorem 10.3 and the above correspondence. §12. Generalization to systems of sesquilinear forms Let A be a ring with an involution σ and I be a set. A system of sesquilinear forms over (A, σ) is (V, (s i ) i∈I ), where V is a reflexive right A-module of finite type and for all i ∈ I, (V, s i ) is a sesquilinear form over (A, σ). A morphism between two systems of sesquilinear forms (V, (s i ) i∈I ) and (V ′ , (s ′ i ) i∈I ) consists of an isomorphism of A-modules f : V→V ′ such that for every i ∈ I and every x, y ∈ V we have s ′ i (f (x), f (y)) = s i (x, y). The results of the preceding sections can be generalized to systems of sesquilinear forms (for related results on systems of quadratic forms, see [1] ). It is necessary to modify the definition of the category M R : its objects will be of the form (V, W, (f i , g i ) i∈I ) and the morphisms between two such objects will be the obvious ones. To a system (V, (s i ) i∈I ) of sesquilinear forms over (A, σ), where V ∈ R, it will correspond the object (V, V * , (((s i ) l , (s i ) r )) i∈I ) of the category M R .
